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Abstract 
The boundary characteristic - - introduced by Ding and Reay - -  is a functional defined for 
a given planar tiling which associates with a given lattice figure, some integer. It appeared to 
be a very useful parameter to determine the area of lattice figures in the planar tilings with 
congruent regular polygons. The purpose of this paper is to extend the notion of the boundary 
characteristic to lattice polyhedra in R 3. Studying some of its properties we show, in particular, 
that it can be applied to determine the volume of lattice polyhedra. (~) 1998 Elsevier Science 
B.V. All rights reserved 
AMS classification." 52B20; 52B11; 11H06 
Keywords: Lattice point; Lattice polyhedron; Pick-type formula; Euler characteristic; Boundary 
characteristic 
1. Preliminary notation 
Let 7/N be the fundamental lattice of points with integer coordinates in A N . By a 
lattice polyhedron in A N (lattice polygon in g~2) we mean a polyhedron (polygon) 
which admits a finite rectilinear simplicial subdivision whose 0-simplexes (vertices) 
belong to the fundamental lattice 7/u (7/2). A lattice polyhedron P in A N is said to be 
proper if it is the closure of its interior or, equivalently, if it can be represented as the 
finite union of N-dimensional lattice simplexes. We call a lattice polyhedron (polygon) 
simple if it is homeomorphic to a closed ball. 
Since Reeve's work [15] a secondary lattice Z N, n >-2, consisting of all points each 
of whose coordinates is a multiple of 1In has been of great importance in problems 
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dealing with lattice polyhedra, see [6, 7]. Thus, 
7~N={xE ~N : nxET/N}. 
It will be convenient to use the following notation 7/u = yU. 
In Section 2 we define the boundary characteristic of a lattice polyhedron with respect 
to the tiling of IR 3 with cubes having vertices in 2v3, n t> 1, and next study some of its 
properties. 
For a given lattice polyhedron P in R 3 denote by Bn and In, n~> 1, the numbers of 
points of the lattice 2v3 on the boundary and in the interior of P, respectively. Thus, 
B,=B,(P)=IZ3M~P[ and I,=I,(P)=[Z3nMintP[, n>~l. 
The above numbers and the boundary characteristic will be used in Section 3 to give 
an alternative form of a formula for the volume of lattice polyhedra due to Reeve. 
2. The boundary characteristic of lattice polyhedra 
The boundary characteristic for lattice polygons in Archimedean planar tilings was 
introduced by Ding and Reay [4]. It appeared to bea very useful parameter in the area 
formulae applicable to lattice polygons in planar tilings, see [3-5,10]. In this section 
we extend the notion of the boundary characteristic to lattice polyhedra in •3. Results 
obtained here we apply in Section 3 where we show that the boundary characteristic 
is also a very useful parameter in determining the volume of three-dimensional lattice 
polyhedra. 
Denote by ~-~, n >/1, the tiling of •3 with cubes having vertices in 7/3 and edges 
of length 1In parallel to the coordinate axes. Each ~ generates the net ~nn consisting 
of the edges of all cubes in ~nn. Every point x E Z 3 is incident o exactly six edges of 
JV~. The set of the six edges we call the star of x and denote it by st(x). By ei C st(x) 
we denote one of the two edges parallel to the axis Oxi and by ~i the other edge from 
st(x) parallel to Oxi. 
Let P be a lattice polyhedron in ~3. Take a point x E 7/3 fq ~3P, n/> 1, and assign + 1 
to each edge from st(x) if it sticks out locally into the exterior of P, or -1 if the 
edge locally pokes into the interior of P, or 0 if the edge lies on the boundary of P 
near x. The number assigned to an edge ei E st(x) is denoted by ei(x,P). The boundary 
characteristic c,(x,P) at the boundary point x of a lattice polyhedron P is defined as 
3 
c,(x,e) =~ (ei(x,P) + ~i(x,P)) 
i=1 
and the boundary characteristic ,(P), n/> 1, of a lattice polyhedron P is defined as 
the sum 
c,,(P)= ~ c,(x,P). 
xEZ3.nOP 
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The number ei(x,P) is called the contribution of the edge i and the number di(x,P)= 
ei(x,P) + ei(x,P) is said to be the contribution of the direction of the axis Oxi to 
the boundary characteristics n(x,P) and c,(P) at a boundary point x. Note that we 
obviously have cn(x,P)= ~'~=1 d~(x,P). 
In previous works the boundary characteristic of a lattice planar polygon was con- 
sidered only with respect o the original lattice 7/2. One can define the boundary char- 
acteristics c,(P), n ~> 1, with respect o the lattices 7/] in the plane. Theorem 1 from 
[4] in conjunction with an easy observation that for any lattice polygon P in ~2 we 
2 2 have Cn(X,P)= 0 for each x E Zn\7/ , n ~>2, implies the following fact. 
Fact 1. I f  P is a simple lattice polyoon in ~2 then for any natural number n we have 
en(P)=8. 
The boundary characteristic cn(P) even of simple polyhedra in ~3 no longer assumes 
a constant value as the following example illustrates. 
Example. Denote by zl the tetrahedron i ~3 with vertices (0,0,0),(1,0,0),(0, 1,0), 
(0,0, 1) and by z2 the tetrahedron having vertices (1,0,0),(0, 1,0),(1, 1,0),(0,0, 1). It 
is easy to check that c l (z l )= 18 and cl(z2)=20. 
However, the boundary characteristics of lattice polyhedra in ~3 possess an interest- 
ing property which we present in the following theorem. 
Theorem 1. Suppose that n is a positive inteoer. Then for any simple lattice poly- 
hedron P in ~3 we have 
nCl(P) - cn(P) = O. 
Moreover, for nonsimple lattice polyhedra the expression c l (P) -  cn(P) can take 
different values. 
Since every proper lattice polyhedron can be built up from fundamental lattice 
tetrahedra, that is, tetrahedra which contain no points of 7/3 other than their four 
vertices the first statement of the theorem can be proved in two steps. In the first 
step we can show that the property in question holds for fundamental lattice tetrahedra 
and in the second step the validity of the property can be established (inductively) 
for arbitrary proper lattice polyhedra. Below we formulate two lemmas which provide 
tools needed to establish the property in the way described above. However, we are 
not going to give the detailed proof of the theorem following the way. In order to 
avoid checking several cases and repeating similar - -  to some extent - -  argument 
(used later) we will obtain the theorem as an easy corollary from Theorem 2 in the 
next section. Comments on the second statement of Theorem 1 are given in proposition 
which comes after Lemmas 1 and 2. Note that we apply the results of both lemmas 
in the proofs of Proposition and Theorem 2. 
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In the proofs of both lemmas below we will use an easily seen property of the 
boundary characteristic cn(x,P) saying that points lying in the relative interiors of the 
facets of a polyhedron P do not contribute to the boundary characteristic c,(P). We 
formulate the property in the following fact. 
Fact 2. I f  x E Z 3, n ~ 1, lies in the relative interior of a facet of a polyhedron P, then 
c.(x,P)=O. 
Lemma 1. Let n be a positive integer. Then for any fundamental lattice tetrahedron 
z in ff~3 it holds 
nc l (T )  - -  c . ( , )  = 0. 
Proof. As a first step towards establishing Lemma 1 we will show that the equality 
2c1(z) - c2(z) = 0 
holds for fundamental lattice tetrahedra. Let z=conv{xl,x2,x3,x4} be a fundamental 
lattice tetrahedron i •3. Every edge [xi,xj], j # i, of z contains exactly one point from 
Z3\2~ 3 which is denoted by vii. Obviously, vii = vii. 
We will need the following property of the direction contributions to the boundary 
characteristics which are true for every vertex x; of ~ and each of the three directions 
2ds(xi, "r ) = ~"~ ds( vij, ~ ). ( 1 ) 
j¢i 
We will check the validity of (1) only in the case of dl(xl, z) since in other cases the 
situation is similar. 
Convexity of z implies that the direction contribution dl(Xt, z) can assume only the 
values of either 0, or 1, or 2. Therefore, we will consider the following three cases: 
• dl(xl,z)=O. Since z is fundamental this is possible only when e l (x l , z )=- I  and 
61(xl,z)=l. It is obvious that in this case we also have el(vU, z )=- I  and 
e(Vlj, Z) = 1 and therefore dl(Vl j , 'c) = 0 for j~>2. 
• d l (x l , z )= l .  This happens when el(xl,Z)=O and 61(xl ,z)=l .  The equality 
el(xl,z)=O takes place when el lies in an edge of z, or if it goes into the rel- 
ative interior of a facet of z. 
1. I f  el lies in an edge of z, say [xl,x2], then obviously dl(Vl2,Z)=O and 
dl(Vlj, Z)= 1 for j=3 ,4 .  
2. I f  el goes into the relative interior of a facet of T, say conv{xl,x2,x3}, then 
clearly dl(vU, z)= 1 for j=2 ,3  and d l (V l4 , * )=0.  
• dt (x l ,z )=2.  Both edges el and 61 lie in the exterior of z. 
1. I f  el is parallel to one of the facets of r adjacent o xl, say conv{xl,xz,xs}, then 
- -  as is easy to check - -  di(vu, z)= 1 for j=2 ,3  and dl(v14,z)=2. 
2. The edge l  is not parallel to any facet of z adjacent to xt. Take a line l parallel 
to el lying in the exterior of ~ and translate it towards ~ heading for the boundary 
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points Vlj. At the first point reached in this way, say v12, the line is still in the 
exterior of ~. Continuing the translation we see that after leaving Vl2 a part of 
the line is included in the interior of z. In particular, we have such a situation 
near the next point met in this way, say vl3. At the last point, v14, met in this 
way the line again lies in the exterior of z. This shows that for the direction 
contributions in this case we have dl(Vl3,Z)=0 and dt(vlj, z)=2 for j=2 ,4 .  
In either of the cases considered above equality (1) is satisfied for dl(Xl,Z) and 
d l(V U, ~) and consequently it is valid. From (1) we immediately get 
2el(xi, z) =~ c2(vij, z ). (2) 
jTti 
Obviously, we also have c2(vij, z)= c2(vji, T). Now, applying this we obtain 
4 4 
2Cl ('C) =)- '~ 2Cl (Xi, T) "~-E E C2(1)iJ' T) = 2[c2(z) - cl ( z ) ] ,  
i=1 i=l j¢i 
which gives 2c1(z) -  c2(~)= 0. 
In the relative interior of any edge [xi,xj] of r there are exactly n - 1 points from 
Z 3. We denote the points by w~0., k--- 1, .. . ,  n - 1. Note that wkij _- wj in-k for i¢ j .  It is 
clear that cn(w~,~)=c2(vq, z) for each k= 1 . . . . .  n -  1. Taking this, Fact 2, and (2) 
into account we obtain 
c.(~) = 
4 
c.(xi, ~ ) + ~ c.(x, ~ ) 
i=1 x E (Z3\Z3) f'l Or 
4 1 4 n-1 
i=1 i=1 j~ik=l 
1 4 
= Cl(Z) + ~ ~(n  -- 1)c2(vi/,z) = cl(z) + (n -- 1)cl(z) 
i= 1 j~i 
= ncl(z), 
which completes the proof of the lemma. [] 
Let x E Z 3 be a common point of the boundaries of two lattice polyhedra Pl and 
P2. An edge e E st(x) is called steady in the sum P=P1 UP2 of lattice polyhedra Pt 
and P2 if e belongs to the set 0Pl N t3P2 N dP. By the degree of a point x C dPl A ~P2 
we understand the number deg(x) of steady edges from st(x)C ~ in P1 UP2. 
The number 
D(PI MP2)= ~ deg(x) 
X E OPI f'l$P21qZ 3 
is called the degree of the intersection of polyhedra P1 and P2. 
We will need the following useful lemma. 
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Lemma 2. Suppose that P1 and P2 are lattice polyhedra in ~3 with disjoint interiors. 
Let P =P1 UP2. Further let Mn =P1 MP2 N 7/n3 and Wn =Mn\ 8P. Then for any positive 
integer n we have 
cn(P) = c.(P1) + Cn(P2) -- 6([M.I - IW.I) + nD(P1 NP2). (3) 
Proof, Let P1 and P2 be lattice polyhedra in •a. Since (3) is trivially satisfied for 
disjoint lattice polyhedra we will assume that P1 NP2 ~ 0. Let P =P1 UP2. Denote the 
set P1AP2MT/n3 by Mn and by Wn the set Mn\OP. 
If x is a lattice point belonging to OP\Mn then obviously c,(x,P)=cn(x, P1) or 
Cn(X,P) = Cn(X, P2). The main changes in the boundary characteristics hold in the points 
from the set Mn. Now, we will observe the changes. 
First, notice that at any point x EM,\Wn we have 
, n x r e(x, P1 ) + e(x, P2) if e is steady, 
e~x,r)--~e(x, P1)+ e(x, P2) -  1 if e is not steady, 
for any edge e E st(x)C ~r#. The condition dealing with the steady edges is an imme- 
diate consequence of their definition. The other condition can be checked similarly as 
in [ 10, Lemma 1 ]. 
Summing up the contributions of all edges at a point x EM~\W~ we see that the 
boundary characteristics at such a point satisfy the following relation: 
cn(x,P ) = cn(x, Pi ) + c,(x, P2 ) - 6 + deg(x). 
If x E Wn then x is no longer a boundary point of P, however, for convenience we 
define Cn(x,P) to be zero in this case. Note that we have c,(x, Pl )=-c,(x,  P2) at each 
such a point. Hence, cn(x,P) = cn(x,P~ ) + c~(x, P2) = 0 whenever x E W~. 
Now, we are ready to establish (3). The following holds: 
cn(P)= ~ c.(x,P)+ ~_, c.(x,P)+ ~ cn(x,P) 
x E P~ \M. x E P2\M. x ~. M.\~ 
= ~ e~(x, P1)+ ~ Cn(X, P2)+ ~ [cn(x, P1)+e.(x, P2)] 
x E PI \M. x E P2 \M. X E Wn 
+ ~ [Cn(X, P1)+en(x, P2)-6+deg(x)] 
xEM.\W. 
= cn(P1 ) + cn(P2) + ~ [-6 + deg(x)] 
xEMn\W,, 
=cn(P1)+cn(P2)-6([M. I -  ]W~[)+ ~ deg(x). (4) 
xEMn\Wn 
We will continue the above calculations after an examination f the last summand 
in (4). We have 
deg(x) = ~ deg(x) + E deg(x) 
XE Mn\Wn xE MI \WI xE (Mn\Wn)\73 
= D(P1 NP2) + ~ deg(x). (5) 
xe (n. \ g'.)\Z 3
K. KotodziejczyklDiscrete Mathematics 190 (1998) 137-148 143 
In order to determine (5) let us note some of the properties of deg(x) and D(PI N P2). 
If x E Z3 then deg(x) can assume different values, however - -  as is easy to check - -  
for points y E ~3\~3 the only value it assumes is 2. From the definition of D(P1 NP2) 
it follows that it doubles the number of steady edges [xk,xt], xk,xt E 2 3, in PI UP2. 
Moreover in the relative interior f any steady edge there are exactly n - 1 points 
belonging to Z3\Z 3. Therefore the number of points in the set (Mn\W~)\Z 3 is equal 
to ½D(P1 riP2) × (n - 1). Taking this all into account we have 
deg(x) -  (n - 1)D(P1 fqP2). 
xE(M,,\ Wn ) \~ 3 
This in conjunction with (5) and (4) shows that (3) is valid. The proof of the lemma 
is complete. [] 
In Theorem 1 we have mentioned that the expression c~(P)-ncl (P) can take different 
values. Having Lemmas 1 and 2 we can be more precise. 
Proposition. I f  P is a proper lattice polyhedron in ~3 then c2(P) -  2c1(P) is an 
integer multiple of 6. Moreover, for any integer ~ E • there exists a proper lattice 
polyhedron Q~ in ~3 such that 
c2(Q~) - 2Cl(Q~) = 6c~. 
Proof. Let P be a proper lattice polyhedron in ~3.  Thus P = U,x=l zj, where each "~j, 
J 
1 ~<j~<K, is a fundamental lattice tetrahedron. Define polyhedra Ps = 0~=1 zj, 1 <~s<~K. 
We will observe (inductively) that c2(Ps) - 2cl(Ps) is a multiple of 6 for every P~. 
From Lemma 2 it follows that 
c2(P~) - 2cI(P~) = c2(Ps_ 1 ) -- 2cl(P~-I ) + c2(Ts) --  2cl(z~) 
- 6 ([M2I - IW2l - 2lMl[ + 2]W1 I), (6) 
where Mi =Ps-l Nzs nZ~ and Wi =Mi\OPs for i = 1,2. The first inductive step (s =2)  
follows from Lemma 1 and equality (6). The latter also assures that the second in- 
ductive step works. Hence, the property in question holds for P and therefore for any 
proper lattice polyhedron in ~3. 
Let n be a nonnegative integer. Denote now by z, fundamental lattice tetrahedra 
zn = conv{(n, 0, 0), (n + 1,0,0),(n + 1, 1,0),(n + 1,0, 1)} 
and consider (proper) lattice polyhedra Q_, defined recurrently 
Q0 = z0 and Q- ,  = Q-n+l Id Zn for n/> 1. 
An easy application of Lemmas 1 and 2 leads to the conclusion that 
ez(Q-n) - 2el(Q-,) - - - -6n.  
Now, we will show that positive multiples of 6 are also achieved. Suppose that 
m is a positive integer. Denote by Sm the square with vertices (3m-  3,0,0), 
144 K. Kotodziejczyk/Discrete Mathematics 190 (1998) 137-148 
(3m - 3, 3, 0), (3m, 0, 0), (3m, 3, 0) and by Rm the cube Sm× [0, 3]. Further, let am be 
the tetrahedron with vertices (3m - 3,0,0),(3m - 2, 1, 1),(3m - 2,2, 1),(3m - 1, 1, 1). 
Finally, let Qm be proper lattice polyhedra defined as 
-0 Qm -- cl(Rj\~rj). 
j=l 
One can check that c2(Q1 ) -  2cl(Q1)= 6. The remaining equalities 
c2(Qm) - 2cl(Qrn) = 6m 
for m/>2 follow from an easy application of Lemma 2. This completes the proof of 
the proposition. [] 
3. The volume of lattice polyhedra 
When the vertices of a figure F are restricted to lie in a particular set S then very 
often it is possible to determine the area/volume of the figure F in terms of the numbers 
of points from S included in the interior of F and on the boundary of F. The first result 
of this type is the well-known Pick's formula for the area of planar lattice polygons, 
see [2,4,6,8, 14,17] and others. 
Reeve [15] started the search for higher-dimensional version of Pick's theorem. By 
considering the lattice tetrahedra in I/~ 3 having vertices (0,0,0),(1,0,0),(0, 1,0) and 
(1, 1,r), r~> l, he noticed that there can be no expression for the volume of a lattice 
polyhedron P in terms of the numbers 11 and B1 only. However, by bringing into 
consideration a secondary lattice Z 3 he found, see [15, 16], the following correct hree- 
dimensional analogue of Pick's theorem applicable to proper lattice polyhedra in ~3: 
2n(n 2 - 1)V(P) = Bn - nBl + 2(ln -n l l )  + (n - 1)[2z(P ) - z(0P)], n/>2, (7) 
where z(P) and z(dP) denote the Euler characteristics of the polyhedron P and its 
boundary, respectively. (Note that the Euler characteristic n [15] is defined to be 
-z (P) . )  
In this section we will show that the term nc l (P ) -  cn(P) can replace the expression 
2;~(P)-j~(c~P) in formula (7). In this way we obtain a formula for the volume of three- 
dimensional lattice polyhedra which uses only parameters closely related to the tiling 
J~. Therefore we can say that volume in the case of lattice polyhedra is a property 
of ~nn. Let us remark that the existence of such a formula is perhaps of more interest 
than the formula itself. Note that a similar application of the boundary characteristic 
to the area formulae for planar lattice polygons is given in [10]. 
Theorem 2. I f  P is a proper lattice polyhedron & ~3 then the volume, V(P), of  P is 
9iven by 
2n(n 2 - 1)V(P) =Bn - nB1 + 2(In - ni l)  + ~[ncl(P) - cn(P)], n>~2. (8) 
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Proof. Let P be a proper lattice polyhedron i  •3. It means that P is the finite union of 
fundamental lattice tetrahedra. First notice that from Reeve's formula (7), the fact that 
2Z(Z) - X(Oz)= 0 for any fundamental lattice tetrahedron z, and Lemma 1 it follows 
that formula (8) is valid for fundamental lattice tetrahedra. 
Therefore, in order to establish formula (8) it is enough to show that it is valid for 
m p the proper lattice polyhedron P = Ui=l i provided that it is valid for proper lattice 
polyhedra Pi, i--- 1,..., m, with pairwise disjoint interiors. We will proceed inductively. 
It is clear that it is enough to show the property for two proper lattice polyhedra since 
this obviously implies the second inductive step. 
Let P1 and P2 be two proper lattice polyhedra in ~3 with disjoint interiors. Suppose 
that 
2n(n 2 - 1)V(P i )=Bn(Pi )  - nBl(Pi) + 2[In(Pi) - nll(Pi)] + ~[ncl(Pi) - cn(Pi)], 
for i=  1,2 and n>~2. We will show that (8) is valid for P=P1 UP2. Similarly as in 
the proof of Lemma 2 denote by Mn the set P1NP2fqZ 3 and by IV, the set Mnkc3P. 
We have the following easily verified relations true for any natural number n: 
I . (P )= In(P , )  +In(P2) + ]Wn[ 
and 
Bn(P)=Bn(P1) + Bn(P2) - IMnl - I~1. 
Moreover, from Lemma 2 we have 
c.(p) = c.(P1) + c. (P2)  - 6(Ig.I - I~1) + nD(P1 riP2). 
Now, applying the above relations and the obvious fact that V(P)= V(Pl )+  V(P2) 
we get 
2n(n 2 - 1)V(P) 
=2n(n 2 -  1)V(PI)+2n(n 2 -  1)V(P2) 
= B~(P1 ) - nB1 (PI) + 2In(P1 ) - 2ni1 (P1) + ~ [ncl (P!) - c~(Pi )] 
+Bn(P2) - nBl(P2) + 2In(P2) - 2nit(P2) + l[ncl(P2) - cn(P2)] 
= [Bn(P1 ) + Bn(P2 )] - n[Bl (P1) + B1 (P2)] + 2[In(P1 ) + In(P2)] 
-- 2n[II(Pl ) + II(P2)] + l{n[Cl(Pi ) + Cl(P2)] - [cn(Pl) + cn(P2)]} 
=Bn(P)+ [Mn] + ]Wnl -n[BI (P)+ IM11 + IWll] 
+ 2[ I . (P) -  Iw. I] -  2n[ I i (P ) -  IWll] 
+ ~{n[c~(P) + 6([Ml  I - I W~I) - O(Pl nP2) ]  
- [ c . (e )  + 6( [M. I  - IW.[) - nO(P~ r iP2) ]}  
= Bn(P) - nBI(P) + 2[ln(P) - nil (P)] + ~ [ncl (P) - cn(P)]. 
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This shows that formula (8) is valid for P=P1 UP2 and in consequence for any 
finite union of proper lattice polyhedra. Accordingly formula (8) is true and the proof 
of the theorem is complete. [] 
As a corollary from Theorem 2 we get Theorem 1. 
Proof of Theorem 1. Let P be a simple lattice polyhedron i  ~3. In virtue of Theorem 
2 its volume, V(P), is given by formula (8). On the other hand the volume of P can 
be expressed by means of Reeve's formula (7). It is a well-known fact that if P is a 
simple polyhedron then 2x(P ) - X(tgP)= 0 and therefore in this case we have 
2n(n 2 -  1)V(P)=B, -nBl  +2(1, -n i l ) ,  n~2. (9) 
Comparison of (9) and (8) gets ncl(P) -  c , (P) - -0  and ends the proof. [] 
Two more things follow when we compare formulae (7) and (8). We formulate them 
in two corollaries. In the first corollary we give a close relationship between the Euler 
characteristics and the boundary characteristics. Note that this is the three-dimensional 
analogue of Corollary 1 in [10]. The second corollary - -  expected since the proof of 
Lemma 1 - -  simply follows from the first one and shows that among the boundary 
characteristics ,(P) the role of Cl(P) and c2(P) is particular. 
Corollary 1. Let n be a positive integer. Then for any proper lattice polyhedron P 
in ~3 it holds that 
ncl (P) - c,(P) = 6(n - 1 )[2z(P ) - Z(t~P)]. 
Corollary 2. Let n be a positive integer. Then for any proper lattice polyhedron P 
in ~3 we have 
ncl (P) - cn(P) = (n - 1 )[2cl (P) - c2(P)]. 
4. Remarks 
1. An obvious consequence of Proposition and Corollary 2 is the fact that the ex- 
pression cn(P)-  ncl(P) assumes only values which are multiples of 6 (n -  1). From 
Corollary 1 it follows that every such a multiple is achieved for a suitable set Q~ from 
the proof of proposition. 
2. Corollary 1 gives an interpretation of the expression 2x(P) - X(~3P) for a proper 
lattice polyhedron P in terms of the number of standard lattice vectors pointing into the 
interior or the exterior of P at the lattice points x E Z~ 3 N t~P. In other words, Corollary 
1 says that the term 2;t(P) - z(OP) can be 'localized' by means of the tiling ~ of R 3. 
Our 'localization' is of purely combinatorial character since the boundary characteristics 
which describe it do not use any decomposition f neither P nor OP into cells which 
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are needed to determine the Euler characteristics of P and dP. Let us note that other 
'localizations' of the Euler characteristic x(P) are described by quantities the definitions 
of which use cell decompositions of P, see, for example, [1]. 
3. Counting points from the lattice Z~ 3 in a polyhedron P is equivalent to counting 
points from 7/3 in the polyhedron P (the homothetic image of P with the integer 
factor n>~ 1 ). Since the latter approach is often used, see [6,7], we note that instead of 
counting the boundary characteristic c,(P) we can determine the boundary characteristic 
c~(nP). With the notation Theorem 1 can be now reformulated as follows: ncl(P)- 
cl (nP)= 0 for any simple lattice polyhedron P in ~3. 
4. Instead of the fundamental lattice 7/3 , we can take into consideration an arbitrary 
lattice L in ~3. It is not difficult to check that all notions from the paper, including the 
boundary characteristic, can be defined with respect o L and the tiling of R 3 generated 
by it. Going over the proofs one can see that they can be adapted without difficulty 
for such a case. Consequently, all results of the paper can be generalized to any lattice 
L in ~3. 
5. There are two remarkable generalizations, see [6, p. 779], of Reeve's formula 
applicable to proper lattice polyhedra in arbitrary dimension. The formulae - -  due to 
Macdonald [13] - -  also employ the Euler characteristics. The notion of the bound- 
ary characteristic can be easily extended to arbitrary dimensions. Therefore, it would 
be interesting to find an analogue of formula (1.6) from [10] and formula (8) 
from this paper valid for proper lattice polyhedra in arbitrary dimensions in which 
the Euler characteristics part would be replaced by an expression with the boundary 
characteristics. 
6. Let us note that another formula for the volume of proper lattice polyhedra in ~3 
has been recently given by the author in [11,12]. 
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